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a b s t r a c t
Let p be a prime number andZp be the cyclic group of order p. A 3-coloring ofZp is rainbow-
free for some equation if it contains no rainbow solution of the equation. In [3] Jungić et al.
(2003) proved that every 3-coloring of Zp, with the cardinality of the smallest color class
greater than four, has a rainbow solution of ‘‘almost’’ all linear equations in three variables
inZp. In thisworkwe handle the ‘‘small’’ cases and give a structural description of rainbow-
free colorings for the particular case of x+ y = cz, which includes the Schur equation.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
While Ramsey theory concerns the study of the existence ofmonochromatic structures in colored universes, anti-Ramsey
theory concerns the study of the existence of rainbow ones. Given a coloring of a set X , a subset Y ⊆ X is rainbow if the
coloring assigns pairwise distinct colors to the elements of Y . Arithmetic versions of this theory were studied by Jungić et al.
in [3]. In this remarkable work the authors study the existence of rainbow structures under some density conditions on the
color classes. This approach has recently received much attention; see for instance [1,3–5].
Concerning cyclic groups of prime order, the authors in [3] proved that ‘‘almost’’ every 3-coloring of Zp has a rainbow
solution of ‘‘almost’’ all linear equations in three variables on Zp. Moreover, they classify the exceptions. To state their
theorem,we recall that an arithmetic progressionwith difference d ∈ Zp\{0} is a set of the form A = {a+di : 0 ≤ i ≤ |A|−1}.
We denote by x−1 the multiplicative inverse of x ∈ Zp \ {0}.
Theorem 1 (Jungić et al. [3]). Let a, b, c, d ∈ Zp with abc ≠ 0 (mod p). Then every 3-coloring of Zp = A ∪ B ∪ C with
|A|, |B|, |C | ≥ 4 contains a rainbow solution of ax+ by+ cz = d with the only exception being the case when a = b = c =: t,
and every color class is an arithmetic progression with the same common difference l, such that l−1A = {i}a2−1i=a1 , l−1B = {i}
a3−1
i=a2
and l−1C = {i}a1−1i=a3 , where (a1 + a2 + a3) = t−1d+ 1 or t−1d+ 2 (mod p).
The present work was inspired by Theorem 1 in the following way. A 3-coloring of Zp is rainbow-free for some equation,
if it contains no rainbow solution of the equation. By following the philosophy of [6,7], we want to describe the structure
of rainbow-free colorings. Particularly, we want to determine the size of the smallest color class in a rainbow-free coloring.
Observe that Theorem 1 states that rainbow-free colorings for ax + by + cz = d in Zp are such that the smallest color
class has cardinality 3 or less (besides one only exception). Therefore, it remains to determine the structure and the precise
cardinality of the smallest color class of such rainbow-free colorings. That was our motivation.
In this paper we handle the particular case of d = 0 and a = b ≠ 0 in ax+ by+ cz = d. Then we consider equations of
the form x + y = cz with c ≠ 0. Observe that the case c = 1 corresponds to the Schur equation, and for c = 2 we obtain
arithmetic progressions of length three (a case studied in [3] for Zp, and in [6,7] for general abelian groups).
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Our main result is a structural description of rainbow-free 3-colorings for x + y = cz on Zp. Let Z∗p = Zp \ {0} be the
multiplicative group of Zp. For every x ∈ Z∗p , we denote by ⟨x⟩ the subgroup of Z∗p generated by x. For a subgroup H ⊆ Z∗p
and a subset X ⊆ Z∗p , we say that X is H-periodic if X is a union of cosets of H . A set X which is ⟨−1⟩-periodic is also called
symmetric and verifies that X = −X , where−X := {−x : x ∈ X}. As usual, X + a := {x+ a : x ∈ X}, X − a := X + (−a) and
aX := {ax : x ∈ X} is called the a-dilation of X . We observe that the property of being rainbow-free for x+y = cz is invariant
up to dilation, that is, for every a ∈ Z∗p,Zp = A∪ B∪ C is rainbow-free if and only if Zp = aA∪ aB∪ aC is rainbow-free. We
will often use this fact (maybe) without reference.
Theorem 2. A 3-coloring Zp = A ∪ B ∪ C with 1 ≤ |A| ≤ |B| ≤ |C | is rainbow-free for x+ y = cz if and only if, up to dilation,
one of the following holds.
1. A = {0} and both B and C are symmetric and ⟨c⟩-periodic subsets.
2. A = {1} for
(i) c = 2, (B− 1) and (C − 1) are symmetric and ⟨2⟩-periodic subsets;
(ii) c = −1, (B \ {−2})+ 2−1 and (C \ {−2})+ 2−1 are symmetric subsets.
3. |A| ≥ 2, for c = −1 and A, B and C are arithmetic progressions with difference 1 such that A = [a1, a2−1], B = [a2, a3−1]
and C = [a3, a1 − 1], where (a1 + a2 + a3) = 1 or 2.
Following [3,6,7], let us definem(p, c) to be the largest integerm forwhich there is a rainbow-free 3-coloring of x+y = cz
in Zp, such that the cardinality of the smallest color class ism. Therefore,m(p, c) = 0 means that there are no rainbow-free
colorings with non empty color classes. It follows by Theorem 1 (Theorem 4.1 of [3]) thatm(p,−1) =  p3 andm(p, c) ≤ 3
for every c ≠ −1. In the same paper it was proved thatm(p, 2) ≤ 1 and determined the set of primes for whichm(p, 2) = 0
(and therefore for which m(p, 2) = 1). As a corollary of Theorem 2 we obtain the exact value of m(p, c) for every p and c.
For a fixed prime number p, we define C(p) to be the set of numbers with multiplicative order either p − 1, or (p − 1)/2
where (p− 1)/2 is odd.
Corollary 1. Let p be any prime number, then
m(p, c) =

p
3

for c = −1
0 for c ∈ C(p)
1 otherwise.
Proof. It follows from part 3 of Theorem 2 that for any prime p and c = −1, we can construct a rainbow-free coloring with
the smallest color class of size
 p
3

. Thereforem(p,−1) =  p3. For every c ∈ Zp\{−1}, parts 1 and 2 of Theorem 2 state that
rainbow-free colorings with nonempty color classes are such that the smallest color class is of size one, that ism(p, c) ≤ 1.
In order to find the values for which m(p, c) = 0, it remains to determine for a fixed p, the values of c for which part 1 of
Theorem 2 is not possible. We precisely obtain these values of c when c ∈ C(p), since in such a case, ⟨c⟩ is either the whole
Z∗p or it has two cosets where ⟨c⟩ is not symmetric. 
Note that for c = 2 (the case of 3-term arithmetic progressions), Corollary 1 states that
m(p, 2) =

0 if 2 ∈ C(p)
1 otherwise.
The result established above is just Theorem 3.5 of [3], which states that, for a prime number p, there is a rainbow-free
3-coloring for x+y = 2z inZp with non-empty color classes if and only if p does not satisfy being a primewithmultiplicative
order either p− 1 or (p− 1)/2, where (p− 1)/2 is an odd number.
Concerning the Schur equation, since |⟨1⟩| = 1 for every p, we obtain the following.
Corollary 2. A 3-coloring Zp = A∪ B∪ C with 1 ≤ |A| ≤ |B| ≤ |C | is rainbow-free for the Schur equation x+ y = z if and only
if A = {0}, and B and C are symmetric subsets. 
As in [3,6,7], we will use some inverse theorems of additive number theory. We include these results in Section 2. In
Sections 3 and 4 we handle colorings with small color classes and classes in arithmetic progression, respectively. Finally, we
give the proof of Theorem 2 in Section 5.
2. Tools from additive number theory
From here we will refer to a rainbow-free coloring for x+ y = cz in Zp just as a rainbow-free coloring.
For any X, Y ⊆ Zp, the sumset of X and Y is defined as X + Y := {x + y : x ∈ X, y ∈ Y }. Recall that for any a ∈ Z∗p , the
a-dilation of X is defined as aX := {ax : x ∈ X}. Observe that a 3-coloring Zp = A ∪ B ∪ C is rainbow-free, if and only if, the
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following three equations are satisfied:
cA ∩ (B+ C) = ∅ (1)
cB ∩ (A+ C) = ∅ (2)
cC ∩ (A+ B) = ∅. (3)
We will regularly refer to these equations throughout the paper. From them we can deduce the following basic
proposition concerning rainbow-free colorings.
Proposition 1. Let Zp = A∪B∪C be a rainbow-free coloring. Then |A+B| ≤ |A|+|B|, |A+C | ≤ |A|+|C | and |B+C | ≤ |B|+|C |.
Proof. By contradiction, suppose that |A + B| > |A| + |B|. Since p = |A| + |B| + |C | and |cC | = |C |, it follows that
|A + B| > p − |C | which implies that (A + B) ∩ (cC) ≠ ∅, contradicting that the coloring is rainbow-free by Eq. (3). We
proceed similarly for the other two inequalities. 
The next classical result provides a lower bound for the cardinality of the sumset of any two sets inZp. A general reference
on this topic can be found in [8].
Theorem 3 (Cauchy–Davenport). If X, Y ⊆ Zp, then
|X + Y | ≥ min{p, |X | + |Y | − 1}.
The next two important results characterize the structure of subsets in Zp with |X + Y | = |X | + |Y | − 1 and
|X + Y | = |X | + |Y |, respectively.
Theorem 4 (Vosper [9]). Let X, Y ⊆ Zp with |X |, |Y | ≥ 2 and
|X + Y | = |X | + |Y | − 1 ≤ p− 2.
Then both X and Y are arithmetic progressions with the same common difference.
An almost arithmetic progression with difference d in Zp is an arithmetic progression with difference d and one term
removed. Observe that an arithmetic progression is an almost arithmetic progression if the term removed is the initial
or the final term of the original progression.
Theorem 5 (Hamidoune–Rødseth [2]). Let X, Y ⊆ Zp with |X |, |Y | ≥ 3 and
7 ≤ |X + Y | = |X | + |Y | ≤ p− 4.
Then both X and Y are almost arithmetic progressions with the same common difference.
We will use these results in order to describe rainbow-free colorings of Zp. A 3-coloring Zp = A ∪ B ∪ C is a partition
with non empty parts such that |A| + |B| + |C | = p. The following propositions are just rephrases of Theorems 4 and 5,
considering these extra conditions. Using them, we will infer the main cases of the proof of Theorem 2.
Proposition 2. Let X, Y , Z be non-empty subsets of Zp with |X | + |Y | + |Z | = p and |X + Y | = |X | + |Y | − 1. Then one of the
following holds:
(i) min{|X |, |Y |} = 1,
(ii) X and Y are arithmetic progressions with the same common difference.
Proposition 3. Let X, Y , Z be non-empty subsets of Zp with |X | + |Y | + |Z | = p and |X + Y | = |X | + |Y |. Then one of the
following holds:
(i) min{|X |, |Y |} ≤ 2,
(ii) |X | = |Y | = 3,
(iii) |Z | ≤ 3,
(iv) X and Y are almost arithmetic progressions with the same common difference.
We need one more structural lemma which was stated and proved in [3]. We use a simplified version.
Lemma 1. Let p > 7 and S ⊂ Zp, 3 ≤ |S| ≤ p − 5, be an arithmetic progression with difference d. Then every arithmetic
progression of length |S| + 1 containing S, has difference d or p− d.
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3. Colorings with small color classes
In this section we handle colorings with small color classes. We first consider the case when there is a color class with
just one element and it is 0. This case corresponds to part 1. of Theorem 2.
Lemma 2. A 3-coloring Zp = A∪ B∪ C with A = {0} is rainbow-free if and only if both B and C are symmetric and ⟨c⟩-periodic
subsets.
Proof. Since there is just one element with color A, a rainbow triple must contain it. Therefore, rainbow triples should be of
the form (x,−x, 0) or (cx, 0, x). Thus, a coloring is rainbow-free if and only if for every x ∈ Z∗p , elements x,−x and cx belong
to the same color class, that is, both B and C are symmetric and ⟨c⟩-periodic subsets. 
Now we consider the case when there is a color class with just one element and it is not 0. Since the property of being
rainbow-free is invariant up to dilation, we can assume that this color class is A = {1}. This case corresponds to part 2. of
Theorem 2.
Lemma 3. A 3-coloring Zp = A ∪ B ∪ C with A = {1} is rainbow-free if and only if one of the following holds.
(i) c = 2, (B− 1) and (C − 1) are symmetric and ⟨2⟩-periodic subsets.
(ii) c = −1, (B \ {−2})+ 2−1 and (C \ {−2})+ 2−1 are symmetric subsets.
Proof. We first prove that if the coloring Zp = A ∪ B ∪ C with A = {1} is rainbow-free, then the only possible values for c
are−1 and 2. Then we proceed to describe the structure of the colorings in each case.
Consider the partition Zp = {2}∪ (B+ 1)∪ (C + 1) obtained by a translation of the original coloring. Observe that either
c = 2 or without loss of generality c ∈ C + 1, in which case we claim that
cB = B+ 1. (4)
To see this, consider the partition Zp = {c} ∪ cB ∪ cC obtained by a dilation of the original coloring. From Eq. (3) we
obtain that
cC ⊆ B+ 1 = (C + 1) ∪ {2}
and from Eq. (2) we get that
cB ⊆ C + 1 = (B+ 1) ∪ {2}.
Since c ∈ C + 1 and |cC | = |C + 1|, 2 ∈ cC and so cB = B+ 1 as claimed.
Now, from Eq. (1) it follows that {c} ∩ (B + C) = ∅. In other words, except for the pair of elements 1 and c − 1, every
pair x, y ∈ Zp with x+ y = c belongs to the same color class. Under the assumption that c ∈ C + 1, then c − 1 ∈ C and so
B = c − B. (5)
By manipulating Eq. (5) we obtain that (B+ 1) = (c + 2)− (B+ 1) and also cB = c2 − cB. Since cB = B+ 1, according
to Eq. (4), then c + 2 = c2 and therefore c = 2 or c = −1.
Next we describe the structure of rainbow-free colorings in each case.
Case 1. c = 2. Let Zp = A ∪ B ∪ C be a 3-coloring with A = {1}. Since there is just one element with color A, a rainbow
triple must contain it. Therefore, rainbow triples should be of the form (x, 2 − x, 1) or (2x − 1, 1, x). Thus, the coloring is
rainbow-free if and only if for every x ∈ Zp \ {1}, elements x, 2− x and 2x− 1 belong to the same color class, that is, both
(B− 1) and (C − 1) are symmetric and ⟨2⟩-periodic subsets of Z∗p .
Case 2. c = −1. Let Zp = A ∪ B ∪ C be a 3-coloring with A = {1}. Since there is just one element with color A, a rainbow
triple must contain it. Therefore, rainbow triples should be of the form (x,−x − 1, 1) or (−x − 1, 1, x). Thus, the coloring
is rainbow-free if and only if for every x ∈ Zp \ {1}, elements x and −x − 1 belong to the same color class, that is, both
(B \ {−2})+ 2−1 and (C \ {−2})+ 2−1 are symmetric subsets of Z∗p . 
Lemma 4. Every 3-coloring Zp = A∪ B∪ C with |A| = 2, |B+ C | = p− 2, |A+ B| = |B| + 2 and |A+ C | = |C | + 2, contains
a rainbow solution of x+ y = cz.
Proof. By a dilation, we can assume without loss of generality that A = [a, a + 1]. We first prove that, under this
assumption, both B and C are a union of exactly two disjoint intervals (i.e. two arithmetic progressions with difference
1). To see this, let us express B as a union of n disjoint intervals, that is: B = [x1, x2] ∪ [x3, x4] ∪ · · · ∪ [x2n−1, x2n] where
0 ≤ x2i−1 ≤ x2i < x2i+1 − 1 ≤ p for every 1 ≤ i ≤ n. Note that
B+ A = (B+ a) ∪ (B+ {a+ 1}) = (B+ a) ∪ [(B+ a)+ 1],
then |B+A| = |B+ a|+n. Since |B+A| = |B|+2 and |B+ a| = |B|, we conclude that n = 2 as claimed (the same argument
works for C). Thus, the coloring is A = [a, a+ 1], B = [a+ 2, b− 1] ∪ [c, d− 1] and C = [b, c − 1] ∪ [d, a− 1].
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Suppose that the coloring is rainbow-free, then Eqs. (1)–(3) are satisfied. It follows from Eqs. (2) and (3) that cB ⊆ C + A
and B+ A ⊆ cC . Let us compute C + A and cC . Since
C + A = [a+ b, a+ c] ∪ [a+ d, 2a]
then
C + A = [a+ c + 1, a+ d− 1] ∪ [2a+ 1, a+ b− 1]
= [(B+ a) \ {a+ c}] ∪ {2a+ 1}.
Now cC = cC and C = A ∪ B, then
cC = cB ∪ {ca, ca+ c}.
Thus, Eqs. (2) and (3) give, respectively, that
cB ⊆ [(B+ a) \ {a+ c}] ∪ {2a+ 1} and (6)
B+ A ⊆ cB ∪ {ca, ca+ c}. (7)
From (6) and (7) we conclude that
B+ A ⊆ [(B+ a) \ {a+ c}] ∪ {2a+ 1} ∪ {ca, ca+ c}. (8)
Since a+ c ∈ B+ a, |B| = |B+ a| and |B+ A| = |B| + 2, then relation (8) is actually an equality, which is a contradiction
since 2a+ 1 does not belong to B+ A. 
The following remark will be applied in the proof of Lemma 5.
Remark 1. Let X, Y ⊆ Zp with X ∩ Y = ∅ and |X | = |Y | = 3. Then |X + Y | = 6 if and only if, up to dilation, either
• both X and Y are almost arithmetic progressions with difference 1, such that one of them is an arithmetic progression
and the other one is not; or
• X = [x, x+ 1] ∪ {x+ t} and Y = [y, y+ 1] ∪ {y+ t}with x ≠ y and t ∈ Zp \
[0, 2] ∪  p+12 .
We briefly sketch the proof of this remark. The details are left to the reader. Clearly, each of the conditions imply that
|X + Y | = 6. Conversely, consider X, Y ⊆ Zp such that X ∩ Y = ∅ and |X | = |Y | = 3. Suppose that X = {x1, x2, x3} and
Y = {y1, y2, y3}. Therefore
X + Y = {x1 + y1, x2 + y1, x3 + y1, x1 + y2, x2 + y2, x3 + y2, x1 + y3, x2 + y3, x3 + y3}.
Suppose that |X+Y | = 6. Since the elements of X and Y are all distinct, xi+yi ≠ xj+yj for every i, j = 1, 2, 3 such that i ≠ j.
The possible cases are x1+y2 ∈ {x2+y1, x3+y1, x2+y3}, x1+y3 ∈ {x2+y1, x3+y1, x3+y2} and x2+y3 ∈ {x3+y1, x3+y2}.
For example, if x1 + y2 = x2 + y1, x1 + y3 = x3 + y1 and x2 + y3 = x3 + y2, then x2 − x1 = y2 − y1, x3 − x1 = y3 − y1 and
x3 − x2 = y3 − y2. Therefore, there exist a, b ∈ Zp and d, e ∈ Z∗p such that X = {a, a+ d, a+ e} and X = {b, b+ d, b+ e}.
The dilations d−1X = {x, x+ 1, x+ t} and d−1Y = {y, y+ 1, y+ t}, where x = d−1a, y = d−1b and t = d−1e, are sets that
satisfy the second part of the remark. The remaining cases are handled in the same way.
Lemma 5. Every 3-coloring Zp = A ∪ B ∪ C with |A| = |B| = 3, |A + B| = 6, |B + C | = |C | + 3 and |A + C | = |C | + 3,
contains a rainbow solution of x+ y = cz.
Proof. According to Remark 1 we consider two cases.
Case 1. A = [a, a + 2] and B = [b, b + 1] ∪ {b + 3}. Since |A + C | = |C | + 3 then necessarily b = a + 3, thus
B = [a+ 3, a+ 4] ∪ {a+ 6} and C = {a+ 5} ∪ [a+ 7, a− 1]. By computing the values we get that C + A = [2a+ 2, 2a+ 4]
is an arithmetic progression of length three, which contradicts Eq. (2).
Case 2. A = [a, a+1]∪{a+t} and B = [b, b+1]∪{b+t}. It is tedious but not difficult to check that, since |A+C | = |C |+3
this is not possible. 
4. Colorings in arithmetic progression
In this section we handle the cases when all color classes are arithmetic progressions or almost arithmetic progressions.
Since rainbow-free colorings are invariant up to dilation, wewill always assume that the common difference of two ormore
progressions is 1.
Lemma 6. A 3-coloring Zp = A∪ B∪ C with 2 ≤ |A| ≤ |B| ≤ |C |, and A = [a1, a2− 1], B = [a2, a3− 1] and C = [a3, a1− 1]
is rainbow-free if and only if c = −1 and a1 + a2 + a3 = 1 or 2.
B. Llano, A. Montejano / Discrete Mathematics 312 (2012) 2566–2573 2571
Proof. We will use Lemma 1 in order to show that, under the assumptions, if the coloring is rainbow free, then the only
possible values for c are−1 and 1. Then we proceed to discard the case c = 1 and describe the structure of the coloring in
the case c = −1.
From Eq. (3), we obtain cC ⊆ B+ A. Observe that cC is an arithmetic progression with difference c and length
|C | = a1 − a3. Also B+ A = [a2 + a3 − 1, a2 + a1 − 1] is an arithmetic progression with difference 1 and length
|B+ A| = a1 − a3 + 1 = |C | + 1.
We can apply Lemma 1 for S = cC only if |cC | satisfies that 3 ≤ |cC | ≤ p− 5. If |B| ≥ 3, then this condition is satisfied,
and we obtain that c = 1 or c = −1. Otherwise, if |A| = |B| = 2, we have that a2 = a1 + 2 and a3 = a1 + 4. From Eqs. (1)
and (2) we obtain that cA ⊆ B+ C and cB ⊆ A+ C . Therefore
cA ∪ cB ⊆ (B+ C) ∪ (A+ C).
By computing the values we get that
cA ∪ cB = {ca1 + ci : 0 ≤ i ≤ 3}
is an arithmetic progression with four elements and difference c , and
(B+ C) ∪ (A+ C) = {2a1 + i : 1 ≤ i ≤ 5}
is an arithmetic progression with five elements and difference 1. Now we can apply Lemma 1 and conclude that c = 1 or
c = −1.
Next we consider each case.
Case 1. c = 1. Eqs. (1)–(3) state that:
[a1, a2 − 1] ⊆ [a3 + a1 − 1, a2 + a3 − 1],
[a2, a3 − 1] ⊆ [a2 + a1 − 1, a3 + a1 − 1],
[a3, a1 − 1] ⊆ [a2 + a3 − 1, a1 + a2 − 1].
By computing the possibilities we get that a3 = 1 or a3 = 0, a1 = 1 or a1 = 0 and a2 = 1 or a2 = 0, which is impossible
since a1 ≠ a2 ≠ a3 ≠ a1.
Case 2. c = −1. Eqs. (1)–(3) state that:
[1− a2,−a1] ⊆ [a3 + a1 − 1, a2 + a3 − 1],
[1− a3,−a2] ⊆ [a2 + a1 − 1, a3 + a1 − 1],
[1− a1,−a3] ⊆ [a2 + a3 − 1, a1 + a2 − 1].
From them we obtain that the coloring is rainbow-free if and only if a1 + a2 + a3 = 1 or a1 + a2 + a3 = 2. 
Lemma 7. Every 3-coloring Zp = A ∪ B ∪ C with 2 ≤ |A| ≤ |B| ≤ |C |, where exactly two of the color classes are arithmetic
progressions with a common difference, contains a rainbow solution of x+ y = cz.
Proof. Among the three color classes, let X ∈ {A, B, C} be the only one which is not an arithmetic progression and Y , Z the
remaining ones. Without loss of generality, we suppose that the common difference of Y and Z is d = 1, and |Y | ≤ |Z |. Let
X = [a1, a2 − 1] ∪ [a3, a4 − 1], Y = [a2, a3 − 1] and Z = [a4, a1 − 1]. Observe that |X | = a2 − a1 + a4 − a3, |Y | = a3 − a2
and |Z | = a1 − a4, where the cardinalities are taken modulo p.
Suppose first that |Z | ≥ 3, then we claim that |X + Z | < |cY |, which contradicts one of the Eqs. (1), (2) or (3) and implies
that the coloring contains a rainbow solution of x+ y = cz. To prove the claim, note that
X + Z = [a1 + a4, a2 + a1 − 2] ∪ [a3 + a4, a4 + a1 − 2]
= [a3 + a4, a2 + a1 − 2] \ {a4 + a1 − 1}.
Thus
X + Z = {a4 + a1 − 1} ∪ [a2 + a1 − 1, a3 + a4 − 1],
and
|X + Z | = a3 − a2 + a4 − a1 + 2 = |Y | + a4 − a1 + 2 = |Y | − |Z | + 2.
Since we assume |Z | ≥ 3, then−|Z | + 2 < 0, which implies |X + Z | < |Y | = |cY | as claimed.
Suppose now that |Y | = |Z | = 2. Then X = [a1, a2 − 1] ∪ [a2 + 2, a1 − 3], Y = [a2, a2 + 1] and Z = [a1 − 2, a1 − 1]. If
the coloring is rainbow-free, then Eqs. (1)–(3) imply that cY ⊆ X + Z and cZ ⊆ X + Y . By computing the values we obtain
that
{ca2, ca2 + c} ⊆ {2a1 − 3, a1 + a2 − 1} and
{ca1 − 2c, ca1 − c} ⊆ {a1 + a2 − 1, 2a2 + 1}.
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Observe that |X + Z ∩ X + Y | = 1, therefore, one of the following equalities hold
ca2 = ca1 − 2c,
ca2 = ca1 − c,
ca2 + c = ca1 − 2c,
ca2 + c = ca1 − c.
Since c ≠ 0, the first and the last one imply a2 = a1 − 2, the second a2 = a1 − 1, and the third a2 = a1 − 3. All these
cases are impossible, then the coloring contains a rainbow solution of x+ y = cz. 
Lemma 8. Every 3-coloring Zp = A ∪ B ∪ C with 3 ≤ |A| ≤ |B| ≤ |C |, where all three color classes are almost arithmetic
progressions with common difference and only one is an arithmetic progression, contains a rainbow solution of x+ y = cz.
Proof. Among the three almost arithmetic progressions let X ∈ {A, B, C} be the only one that is an arithmetic progression
and Y , Z be the remaining color classes. Without loss of generality, we suppose that the common difference of the three
almost arithmetic progressions X, Y and Z is d = 1. Let X = [a1, a2 − 1], Y = [a2, a3 − 1] ∪ {a3 + 1} and Z =
{a3} ∪ [a3 + 2, a1 − 1]. Observe that |X | = a2 − a1, |Y | = a3 − a2 + 1 and |Z | = a1 − a3 − 1 (the cardinalities are
taken modulo p).
Note that
Y + Z = [a2 + a3, 2a3 − 1] ∪ [a2 + a3 + 2, a3 + a1 − 2] ∪ {2a3 + 1} ∪ [2a3 + 3, a3 + a1].
Since |Y | ≥ 3, the interval [a2, a3 − 1] has at least two points and so
[a2 + a3, 2a3 − 1] ∪ [a2 + a3 + 2, a3 + a1 − 2] = [a2 + a3, a3 + a1 − 2].
Similarly
[a2 + a3, a3 + a1 − 2] ∪ [2a3 + 3, a3 + a1] = [a2 + a3, a3 + a1].
Therefore, Y + Z = [a2 + a3, a3 + a1] and Y + Z = [a3 + a1 + 1, a2 + a3 − 1], with
|Y + Z | = a2 − a1 − 1 = |X | − 1 < |X | = |cX |,
which contradicts one of the Eqs. (1), (2) or (3). Thus, the coloring contains a rainbow solution of x+ y = cz. 
5. Proof of Theorem 2
The ‘‘if’’ parts of Lemmas 2, 3 and 6 prove the ‘‘if’’ part of Theorem 2. It remains to prove the ‘‘only if’’ part, that is,
a rainbow-free coloring belongs to one of the cases described in the theorem. We will prove this by using the structural
results in Section 2 and reduce all cases to Lemmas 2, 3 and 6 which correspond to the three cases in Theorem 2.
Let Zp = A ∪ B ∪ C be a rainbow-free coloring with 1 ≤ |A| ≤ |B| ≤ |C |. By Proposition 1 and Theorem 3
(Cauchy–Davenport) it follows that any pair of color classes X, Y ∈ {A, B, C}, satisfies |X + Y | = |X | + |Y | − 1 or
|X + Y | = |X | + |Y |. We split the proof into two cases.
1. There is a pair of color classes satisfying |X + Y | = |X | + |Y | − 1. Then Vosper’s Theorem (see Proposition 2) implies
that, either |A| = 1 (in which case we use Lemmas 2 and 3) or both X and Y are arithmetic progressions with the same
common difference d. According to Lemma 7, since the coloring is rainbow-free, Z is also an arithmetic progression with
difference d. The property of being rainbow-free is invariant up to dilation, so we can assume that d = 1 and apply
Lemma 6.
2. All three pairs of color classes satisfy that |X + Y | = |X | + |Y |. Particularly, from |A + B| = |A| + |B| and the
Hamidoune–Rødseth Theorem (see Proposition 3) we get the following subcases.
2.1. |A| ≤ 2. If |A| = 2 we are in the situation described in Lemma 4; a contradiction since we assumed that the coloring
is rainbow-free. Then |A| = 1 and we can apply Lemmas 2 and 3.
2.2. |A| = |B| = 3. Not possible by Lemma 5.
2.3. |C | ≤ 3 and 3 ≤ |A|, 4 ≤ |B|. This case is not possible since 1 ≤ |A| ≤ |B| ≤ |C |.
2.4. A and B are almost arithmetic progressions with the same common difference d and 3 ≤ |A|, 4 ≤ |B|. Recall that we
assume that all three pairs of color classes satisfies |X + Y | = |X | + |Y |. Then, from |A + C | = |A| + |C | and the
Hamidoune–Rødseth Theorem (see Proposition 3) we obtain the following subcases.
2.4.1. |A| ≤ 2. Not possible since 3 ≤ |A|.
2.4.2. |A| = |C | = 3. Not possible since 1 ≤ |A| ≤ |B| ≤ |C |.
2.4.3. |B| ≤ 3. Not possible since 4 ≤ |B|.
2.4.4. A and C are almost arithmetic progressions with the same common difference d′. Since A and B are almost
arithmetic progressions with the same common difference d, we have that A, B and C are almost arithmetic
progressions with the same common difference d = d′. According to Lemma 8, since the coloring is rainbow-
free, all three color classes must be arithmetic progressions, in which case we apply Lemma 6. 
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We conclude this work pointing out the following interesting problems.
(i) Determine the structure of rainbow-free colorings for equation ax + by + cz = d in Zp, when the smallest color class
has less than 4 elements. Particularly, compute the largest cardinality of the smallest color class in such rainbow-free
colorings.
(ii) Consider the same questions as (i) for general finite abelian groups.
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